We study the stability of Einstein static Universe, with FLRW metric, by considering linear homogeneous perturbations in the kinetic coupled gravity. By taking linear homogeneous perturbations, we find that the stability of Einstein static Universe, in the kinetic coupled gravity with quadratic scalar field potential, for closed (K = 1) isotropic and homogeneous FLRW Universe depends on the coupling parameters κ and ε. Specifically, for κ = L 2 P and ε = 1 we find that the stability condition imposes the inequality a0 > √ 3LP on the initial size a0 of the closed Einstein static Universe before the inflation. Such inequality asserts that the initial size of the Einstein static Universe must be greater than the Planck length LP , in consistency with the quantum gravity and quantum cosmology requirements. In this way, we have determined the non-minimal coupling parameter κ in the context of Einstein static Universe. Such a very small parameter is favored in the inflationary models constructed in the kinetic coupled gravity. We have also studied the stability against the vector and tensor perturbations and discussed on the acceptable values of the equation of state parameter.
I. INTRODUCTION
Inflationary scenario can address most of the problems in the standard cosmology, however, in spite of the interesting prosperities of inflationary scenario, the existence of a big bang singularity at the beginning of Universe is the major problem of standard cosmology. In attempt to remove the initial singularity, several theories have been proposed to address this issue, such as the string/Mtheory, the pre-big bang theory [1] and ekpyrotic/cyclic [2] .
In the static closed Friedmann-Lemaître-RobertsonWalker model, the Einstein static Universe is one of the exact solutions of Einstein's equations coupled to a perfect fluid and a cosmological constant [3] . The stability conditions of Einstein static Universe have been widely studied in the literature indicating that this solution is not usually stable against the homogeneous perturbations [4] . In addition, it has been shown that this solution has neutral stability against the adiabatic scalar inhomogeneities with high enough sound speed, as well as the small inhomogeneous vector and tensor perturbations [5] . Nevertheless, it was shown that the Einstein static Universe is unstable against Bianchi type-IX spatially homogeneous perturbations in the presence of perfect fluids with ρ + 3P > 0 [6] , and for various sources of matter fields [7] . Regardless of historical importance of the Einstein static Universe, the reiterated interest to this solution comes from the "Emergent Universe" scenario, an inflationary cosmological model in which Einstein static Universe plays an incisive role as a initial state.
In the context of general relativity, this model was pro- * Electronic address: atazadeh@azaruniv.ac.ir † Electronic address: f.darabi@azaruniv.ac.ir posed in 2004 by Ellis et al to solve the problem of initial singularity in the standard cosmological model [8] . Moreover, the Einstein static Universe has been discussed in several modified gravitational theories and quantum gravity models. Actually, when we are working with the modified cosmological equations, it is possible to find many new static solutions, essentially different from that of classical Einstein static solution of GR, in which the stability properties depend on the details of the studied theory or family of theories taken into account. Basically, due to the existence of neutral stable solutions, the finetuning problem of cosmological constant is so improved. But, in fact a mechanism is needed to finish the phase of infinite expansions and collapses, and to operate the expanding phase of the Universe [9] . Such a mechanism has been known as "inflation" [10] .
In the context of inflationary cosmology, the role of scalar field potential to establish an inflation is unavoidable. In general, the slowly varying potentials behave like a large effective cosmological constant suitable for driving an inflation. The question that " Is it possible to recover the cosmological constant and the inflationary phase without considering any effective potential" led some authors to try for constructing an effective cosmological constant starting from extended gravity theories such as non-minimally coupled or higher order theories [11] . In [12] , the author considered some types of coupling between curvature and the scalar field, called non-minimal derivative coupling. The authors in [13] studied this kind of couplings and connected them with inflation. Realistic cosmological scenario was introduced based on non-minimal kinetic coupling and it was shown that at early Universe the domination of coupling term in the field equation predicts a quasi-de Sitter expansion [14] . In the background of cosmological scenarios, the non-minimal kinetic coupling gravity has been considered by choosing zero and constant potentials, for the quintessence and the phantom cases [15] . Also, in [15, 16] the authors have considered some cosmological aspects of the non-minimal kinetic coupling gravity such as Big Bang, an expanding Universe with no beginning, an eternally contracting Universe, a Big Crunch, a Big Rip avoidance and a cosmological bounce in the absence of the matter. In general, the scalar tensor theory of gravity with scalar field non-minimally coupled to gravity reveals interesting cosmological and astrophysical behaviors [17] , [18] .
According to the above approach to the issue of inflation, it is interesting to study the Einstein static Universe in the inflationary Universe based on the non-minimal kinetic coupled gravity. We show that an asymptotically Einstein static Universe in such inflationary Universe may result due to the terms in the field equations of the non-minimal kinetic coupled gravity. In fact, we find that at early Universe these terms could be dominating and the cosmological evolution could have started around an Einstein static Universe with a size a 0 > 3κ ε , where κ and ε are coupling parameters (see below). We try to remove the initial singularity problem in the standard cosmological model by studying Einstein static Universe and its stability in the non-minimal kinetic coupled gravity theory. Actually, the stability of Einstein static state has been studied in various theories: in GR with a non-constant pressure [19] , in brane world scenarios [20] , in Einstein-Cartan gravity [21] , in loop quantum cosmology [22] , in f (R) gravity [23] [24] [25] , in Gauss-Bonnet gravity [26] , in IR modified Hořava gravity [27] , in massive gravity [28] , and induced matter Brane Gravity [29] . This paper is organized as follows. In section II, we briefly review the formalism of the kinetic coupled gravity theory, in particular the action and field equations. In section III, we present the modified Friedman equations within the kinetic coupled gravity. In section IV, we consider linear homogeneous perturbations and study the stability of Einstein static Universe in the kinetic coupled gravity. In section V, we study the stability against the vector and tensor perturbations. We summarize our results in section VI.
II. NON-MINIMAL KINETIC COUPLING GRAVITY
Let us consider a gravitational theory with nonminimal derivative coupling given by the action [30] 
where S m stands for the action of matter, V (φ) is a scalar field potential, G µν is the Einstein tensor, ε takes the value +1 for the canonical field and -1 for the phantom one and κ is the coupling parameter with dimension of (length) 2 . Varying the action (1) with respect to g µν and φ gives the field equations, respectively:
[εg
where
µν is a stress-energy tensor of ordinary matter, and
By imposing the Bianchi identity ∇ µ G µν = 0 and the
Note that by inserting equations (3) and (4) into (5) the differential equation (5) reduces to (2b). Simply, equation (2b) is a differential consequence of equation (2a). The authors in [16] , have established an inflation model without scalar field potential for the kinetic coupled gravity with spatially flat (K = 0) FLRW metric and a cosmological constant, where the cosmological evolution of Universe at the vacuum dominated state p v = −ρ v is described by
As is seen in (8), the role of coupling parameter κ in this inflationary behavior is important such that small value of κ results in a sufficiently large value of the Hubble parameter. Although the present model is different from [16] , regarding the scalar field potential and the curvature parameter K, but it is interesting to study the Einstein static Universe and its stability in the context of kinetic coupled gravity and investigate the possible impact of stability requirement on the coupling parameter κ.
III. EINSTEIN STATIC UNIVERSE AND MODIFIED FRIEDMANN EQUATIONS A. Effective Friedmann equations
The cosmological studies of the non-minimal kinetic coupling gravity have been sufficiently investigated [14] [15] [16] . Especially, it was shown that the inflation and any cosmological behaviour, explicitly depends on the nonminimally kinetic term of a scalar field φ with the curvature. However, it is important to notice that the nonminimally kinetic term of a scalar field φ with the curvature describes further degrees of freedom of the gravitational field resulting from modified gravities.
We apply the Friedmann-Lemaître-Robertson-Walker (FLRW) line element as follows
where K = +1, 0, −1 denotes a closed, flat, and open Universe, respectively. By including the effective energy density and pressure, the modified Friedmann equations can be written as
where ρ eff and p eff are given by
The conservation equations for the matter component and the scalar field are given bẏ
B. Einstein static Universe
To study the Einstein static Universe we impose a = a 0 = const, thus H =Ḣ = 0 and also we take the matter distribution that obeys from the linear equation of state p m = wρ m . As a result, the effective Friedmann equations (11) and (12) can be written as
respectively, implying the following condition which is imposed on the distribution of effective matter
By assuming φ = φ 0 = const, the effective matter condition (19) will imply
and finally for the modified Klein-Gordon equation (16) we will have
Additionally, we can obtain a 0 and ρ m in terms of φ 0 and V (φ 0 ).
IV. STABILITY ANALYSIS OF THE EINSTEIN STATIC UNIVERSE
The Einstein static Universe has been renewed as the asymptotic inspiration of an emergent Universe, to remove the initial singularity problem in the inflationary cosmology [8] . Actually, these cosmological models contain remarkable features such as the absence of an initial singularity and avoidance of the quantum gravity intricacy. In a series of works by the present authors the stability analysis of the Einstein static Universe has been studied in different models. In [21] , the existence and stability of the Einstein static Universe have been studied in the Einstein-Cartan gravity and shown that this Universe in the presence of perfect fluid with spin density satisfying the Weyssenhoff restriction is cyclically stable around a center equilibrium point. In [22] , the stability of Einstein static Universe against the homogeneous scalar perturbations in the context of braneworld scenario is investigated and the stability regions are obtained in terms of the constant geometric linear equation of state parameter for the case of closed, open or flat Universe. It is also found that a stable Einstein static Universe may exist in a braneworld theory of gravity against scalar, vector and tensor perturbations for some suitable values and ranges of the cosmological parameters. In [27] , the stability of Einstein static Universe versus the linear scalar, vector and tensor perturbations is investigated in the context of deformed Hořava-Lifshitz (HL) cosmology inspired by entropic force scenario. It is shown that there is no stable Einstein static Universe for the case of flat Universe, however, for the closed Universe and large values of running parameter of HL gravity there is stability with domination of the quintessence and phantom matter fields, and for open Universe there is stability with domination of the matter fields. A neutral stability against the vector perturbations is obtained and it is shown that for large values of the running parameter of HL gravity, there is a stability against the tensor perturbations. In [29] , the stability of Einstein static Universe against the scalar, vector and tensor perturbations in the context of induced matter brane gravity is investigated. It is found that a stable Einstein static Universe against the scalar perturbations does exist provided that the variation of time dependent geometrical equation of state parameter is proportional to the minus of the variation of the scale factor. In all these works, we were motivated to find any impact of stability requirement of Einstein static Universe on the physical characteristics of modified theories of gravity.
Following the above mentioned line of investigation in the context of modified theories of gravity, in the present work, first we aim to study the stability analysis of Einstein static Universe against the homogeneous perturbations in the kinetic coupled theory of gravity. Our motivation is to find the possible impact of imposing such stability requirement on the kinetic coupling features of kinetic coupled theory of gravity.
To consider the stability of the Einstein static Universe in the present model, we take the following homogeneous perturbations
Here, we only discuss on the adiabatic perturbations δp m (t) = w δρ m (t). By perturbing the field equations (11) and (12), and the evolution equations for the matter (15) and the scalar field (16), we only study perturbations up to linear order. Let us start with equation (15) . Linear order perturbations givesδ
which can be integrated as
which usefully connects the matter perturbation to the scale factor perturbation. Now, we have three equations with three variables δa, δφ and δρ m subject to the equation (27) resulting from conservation equation. So, we have just two independent equations to solve, namely (12) and (16) . We linearize equations (12) and (16) using the perturbations and insert equation (27) and the background solutions (17)- (22) in the field equations (12) and (16) . The final results have been reduced to the following second order ordinary differential equations.
The solution of equation (28) is given by
where d 1 and d 2 are the integration constants and Ω is defined by
The solution is stable within the following ranges
Note that the interval (33) violates the strong energy condition ρ + 3p ≥ 0. To complete our study we must consider stability of the scalar field equation (29). Thus, we must consider stability of equation (29), for K = 0, K = 1 and K = −1. We can rewrite equation (29) as followsδ
which provides us with the solution
where C 1 and C 2 are constants of integration, and λ is defined by
The stability condition of the scalar field for three following cases are given by
• Closed Universe (K = 1)
• Open Universe (K = −1)
To become more specific, we take a typical choice for the potential V (φ) and examine the stable static solutions. For instance, consider the potential given by
where m is a positive constant scalar field mass. The potential satisfies V ′′ (φ) = m 2 and is strictly positive. Thus, from equations (37), (38) and (39) ε for the cases K = 0, K = 1 and K = −1, respectively. It can be seen that in the case of K = 1, the stability condition for the scalar field results in a 0 > 3κ ε . Hence, assuming κ ≪ ε accounts for an small initial size for the Einstein static Universe before the inflationary era. In particular, if we suppose that the non-minimal coupling is set to the Planck length, by quantum gravity and quantum cosmology considerations, as κ = L 2 P , then we find the inequality a 0 > √ 3L P which asserts that the initial size of the Einstein static Universe must be greater than the Planck length.
V. VECTOR AND TENSOR PERTURBATIONS
In the cosmological background, the vector perturbations of a perfect fluid with equation of state, p = wρ, are ruled by the co-moving dimensionless vorticity defined as ̟ a = a̟. Thus, the vorticity modes obey the following propagation equation [5] 
where c 2 s = dp/dρ is the sound speed and k denotes the co-moving index (see below). This equation is valid in our consideration of Einstein static Universe in the framework of the non-minimal kinetic coupled gravity through the modified Friedmann equations (11) and (12) . For the Einstein static background, Eq.(41) reduces tȯ
It can be seen that from the above equation, initial vector perturbations remain frozen and therefore we have neutral stability against vector perturbations. Gravitational-wave perturbations, namely tensor perturbations, of a perfect fluid is explained by the comoving dimensionless transverse-traceless shear Σ ab = aσ ab , whose modes satisfy the following equation
where use has been made of
is the covariant spatial Laplacian. For the Einstein static background in our model, this equation becomes
In order for the Einstein static Universe becomes stable against the tensor perturbations, and considering ρ 0 > 0, we have to require
which yields the following conditions
• w > −1 for K = −1 and k 2 > 2 ,
The first two conditions show the equation of state parameter below the phantom divide, while the latter condition shows the equation of state parameter above the phantom divide. Considering the stability conditions (32) and (33), it turns out that the first two conditions for stability against the tensor perturbations are consistent with the conditions for stability against the homogeneous scalar perturbations, except for ω = −1/3. On the other hand, the latter condition for stability against the tensor perturbations is inconsistent with the stability conditions (32) and (33) against the homogeneous scalar perturbations. Therefore, in an open Universe with k 2 < 2, It is not possible to have stability against both scalar and tensor perturbations.
VI. SUMMARY AND DISCUSSION
Non-minimal kinetic coupled gravity is one the novel modification to the general relativity, which includes the non-minimal coupling of kinetic term of a scalar field φ with the curvature tensor by the coupling κ, and the minimal coupling with the metric tensor by the coupling ε. It has already been shown that such modified gravity model provides an essentially new inflationary mechanism. In this work, motivated by the idea of "Emergent Universe" of Ellis et al, we have assumed that the Universe might have been started out in an asymptotically Einstein static state as a initial state before the inflationary stage of the Universe. Then, we have studied the stability of Einstein static Universe by using linear homogeneous perturbations in non-minimal kinetic coupled gravity. By taking a linear equation of state parameter for the matter distribution, the stability regions of the Einstein static Universe are specified by the second derivatives of the scalar potential. We have shown that the stability of Einstein static Universe, in the non-minimal kinetic coupled gravity with quadratic scalar field potential, for closed isotropic and homogeneous FLRW (K = 1) Universe depends on the coupling parameters κ and ε, such that in order to have an small initial size for the Einstein static Universe, consistent with the quantum gravity and quantum cosmology requirements (that the Planck length is the minimum possible length for the size of the Universe), the best choice is ε = 1 and κ = L 2 P . Thus, the order of magnitude of the coupling parameter κ has been determined in the present study of Einstein static Universe in the framework of kinetic coupled gravity.
From the cosmological point of view, the non-minimal kinetic coupled gravity is used for introducing new inflation models at early stage of the Universe. In order for this theory is considered as an alternative theory of general relativity, the contribution of the non minimal coupling should fade away for late times, so that both theories coincide with each other at low energy scale. The non minimal coupling includes the dominant term κG 00 ∼ κH 2 . During the inflationary period we have H ≫ 1, so that the role of κH 2 is considerable in the cosmic dynamics. However, after the inflation, when the Hubble parameter is smaller, this term should be almost vanishing in order to recover the general relativity. Hence, it seems the coupling parameter plays an important role to justify this requirement. In this paper, we have found that assuming κ = L 2 P , the stability condition imposes the inequality a 0 > √ 3L P on the initial size a 0 of the closed Einstein static Universe before the inflation. Such inequality asserts that the initial size of the Einstein static Universe must be greater than the Planck length L P , in consistency with the quantum gravity and quantum cosmology requirements. Therefore, it seems a very small κ = L 2 P not only provides us with a suitably small size Einstein static Universe, but also is favored in kinetic coupled gravity to be considered as an alternative theory of general relativity. This may be considered as a novel cosmological viable condition imposed on the kinetic coupled gravity theory.
We have considered a quadratic scalar field potential. If the other forms of V (φ) are taken, the qualitative results will not change drastically. Actually, the quadratic potential is a typical example of those potentials which satisfy the condition V ′′ (φ) > 0 at the static point φ 0 . So, it is expected that by choosing other forms of V (φ) satisfying this condition, the qualitative results do not change drastically.
Finally, we have studied the stability against the vector and tensor perturbations. We have found the neutral stability against the vector perturbations, and discussed on those acceptable values of the equation of state parameter which yield stability against both homogeneous scalar perturbations and tensor perturbations.
